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A B S T R A C T

Riveting, which involves the plastic deformation of a rivet to join components, is widely
used in automotive, aerospace, and construction due to its simplicity, reliability, and ease
of disassembly. Ensuring high-quality products requires End-of-Line testing of riveted joints,
typically using non-destructive methods like ultrasonic testing. However, these methods do not
enable the evaluation of the rivet-squeezing force, which significantly impacts the integrity and
dynamic properties of the riveted joint. In this paper, an approach to indirectly evaluate the
rivet-squeezing force through the identification of the joint’s dynamic properties is proposed.
Using Frequency-Based Substructuring, the joint’s dynamics are decoupled from the structural
assembly, isolating the influence of the squeezing force solely to the riveted joint and not
the whole assembly. This method allows for the construction of a dataset of isolated joint
impedances correlated with specific rivet-squeezing forces, serving as a reference dataset. The
uniqueness of the proposed approach lies in its operation on joint impedances—the joint for
which the squeezing force is to be determined does not need to originate from the same
assembly as the dataset joints. For a structure of interest with an unknown squeezing force, the
joint’s impedance is first obtained using the FBS decoupling approach. This impedance is then
characterized by comparison with the reference dataset impedances to deduce the squeezing
force based on a classification procedure. It is demonstrated that the proposed approach can
be used to classify the rivet-squeezing force for the structure of interest and can thus be
applied in the End-of-Line control of riveted joints. The proposed approach is limited only with
requirement that the riveted joints share similarities in terms of material and geometry near
the joints.

. Introduction

Riveting, a method of joining metal sheets, is based on the plastic deformation of the rivet. Due to the simplicity of the process,
he ease of disassembly, and the high reliability [1] it is commonly used in applications like aerospace, civil construction, and the
utomotive industry [2]. The method has advantages that contribute to its widespread applicability, e.g., the possibility to join
ombinations of dissimilar materials and its lack of susceptibility to loosening when exposed to dynamic loads (which can occur
ith bolted joints) [3]. Riveting also allows us to join light alloys more easily than with resistance spot welding (which can be
ifficult due to a high thermal conductivity, a low melting point, etc.) [4].
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Reliable, high-quality products must meet requirements relating to fatigue life and strength. As inter-component connections,
.e., joints, have an impact on performance, and even the survivability of an assembled system [5], there are demands for better-
uality riveted joints. A complex set of parameters affects the properties of a riveted joint, and so numerous studies have been
ndertaken to identify these parameters and their effects. Wang et al. [6] studied the effect of the rivet-squeezing force, the length

of the rivet, the tolerance of the rivet’s diameter and the tolerance of the hole made for the rivet on the dimensions of the riveting
head. In their paper, Li et al. [7] experimentally tested the effect of the rivet-squeezing force and the riveting-die configuration on
he fatigue life of the assembly. It was shown by Zhang [8], that when multiple rivets are applied, the riveting sequence and direction
ffect the stress distribution within the joint. Of these parameters, the rivet-squeezing force is one of the most commonly studied.
üller [9] studied the effects of the squeezing force on the filling of the rivet hole, the size of the driven head, and the residual

stresses in the assembly. Li et al. [10] performed an experimental study to analyze the effects of the squeezing force on the structural
integrity of the joint under different loading conditions and on the failure modes of the riveted joint. Zeng et al. [11] showed that
within the allowable range, increasing the squeezing force extends the fatigue life of the riveted joint (at excessive forces the fatigue
life starts decreasing anew). In their study, Huan and Lui [12] numerically and experimentally investigated how the magnitude of
he squeezing forces affects the residual stresses around the hole made for the rivet. Due to its considerable effect on the dynamic
roperties of joints, and with this on the fatigue life of the product, as well as on its loading capabilities, the identification of the
queezing force is very important.

In the manufacturing process, variations in the applied squeezing force can occur for multiple reasons, e.g., incorrect tool
setting, insufficient pressure in pneumatic/hydraulic systems, wear of riveting tools, etc. Due to these variations, it is reasonable to
implement End-of-Line (EoL) control for the riveted joint at key locations, i.e., at highly loaded locations, or locations where the
joint directly affects the functionality of the product [13–16].

There are a variety of methods that allow us to test different aspects of a riveted joint’s quality (fatigue life, mechanical strength,
etc.). These methods can be divided into destructive and non-destructive. Destructive tests provide us with information such as the
tensile and shear strength of the joint (tensile and shear tests [17]), or fatigue strength of the joint (fatigue test [18]). The drawback
of this kind of testing is that samples are demolished during the test. However, when performing EoL control in the manufacturing
rocess, non-destructive testing is the only feasible option. These methods commonly allow us to detect defects in a material on the

surface of the structure (dye-penetrant inspection) or even inside the material (ultrasonic testing [19,20], pulse thermography [21],
etc.). However, non-destructive tests usually do not enable a direct evaluation of the joint’s dynamics properties, in particular
with respect to the rivet-squeezing force. In accordance with previous research (e.g. by Li et al. [7], Müller [9], Li et al. [10],
Huan and Lui [12], etc.), regulating the rivet-squeezing force allows us to control the residual stresses, the structural integrity,
nd the expected fatigue life of the joint. In various studies [9,11,12], it was demonstrated that the riveting squeezing force is in
irect correlation with the dynamic properties of joints. Therefore, a joint’s rivet-squeezing force can be characterized indirectly, by
dentifying the dynamic properties of the assembly (such as natural frequencies, mode shapes, etc.). Consequently, by identifying
he variations in the dynamic properties of the assembly, it is possible to indirectly estimate the squeezing force. However, this
pproach is limited to the particular assembly for which the initial identification of the influence of the squeezing force on dynamic
roperties was conducted. For modified assemblies or different systems, this identification process must be entirely repeated, which
akes it impractical.

In this paper, we propose a new, more general method that aims to identify the squeezing force by examining the dynamic
properties of the riveted joint, rather than analyzing the entire assembly. Since the identification process relies on the dynamic
properties of the isolated riveted joint, it can be used to evaluate the squeezing force on a modified structure or an entirely different
assembly. The only requirement is that the riveted joints share similarities in terms of material and geometry near the joints.
This approach utilizes the methodology of Frequency-Based Substructuring (FBS), which allows for the decoupling joint-adjacent
omponents from the dynamic response of the assembled system [22], thereby identifying the influence of the squeezing force on

the joint’s dynamics alone. An important advantage of the identified dynamic model of the riveted joint is that the calibrated model
is transferable to different assembled systems; i.e., it can be used to identify the squeezing force of different assemblies. Kreutz
et al. [23] demonstrated this approach to characterize the dynamics of bolted joints; however, here we are extending it for riveting
squeezing force identification. Estimating the joint’s quality based on its dynamic response brings another significant benefit. Due
to the variations in the manufacturing process (e.g. variations in the rivet or metal sheet plate material, incorrect tool setting, wear
of the riveting tool, etc.), the dynamic response of the riveted joint can vary substantially despite the same squeezing force being
considered during the riveting process. When evaluating the squeezing force corresponding to the riveted joint of interest based
on its dynamic properties (joint admittance), these inconsistencies directly influence the dynamic response of the joint. Thus the
indirectly estimated squeezing force based on joint admittance gives us much better information regarding the quality of each joint
han the sole measurement of the force during the manufacturing process. Consequently, the proposed approach not only ensures a
eliable evaluation of joint squeezing force but also enables the estimation of joint consistency over its lifetime, due to the indirect
stimation of squeezing force based on the joint’s experimental response model that can be obtained by measuring the response
odel of entire structure.

The idea in this study relies on obtaining the riveted joint’s impedances using the FBS decoupling approach on a laboratory
tructure, for which the rivet-squeezing force is measured during the riveting process. In this way, it is possible to construct a
ataset of isolated joint impedances that are correlated with specific riveting squeezing forces and serve as a reference dataset. For

the structure of interest, for which the squeezing force is unknown, the joint’s impedance is first obtained using the FBS decoupling
approach. This impedance is characterized by comparison with the reference dataset impedance of the riveted joints for which the
force is known. The uniqueness of the proposed approach lies in the fact that it operates on joint impedance—the joint for which
2 
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the squeezing force is to be determined does not need to originate from the same assembly as the dataset joints. The squeezing force
or the joint of interest is then determined by characterizing the coherence between the isolated joint’s impedance of the reference

dataset and the structure of interest. It is demonstrated that this approach can effectively classify the rivet-squeezing force for the
tructure of interest and, consequently, evaluate the quality of the riveted joints.

The paper is structured as follows. Section 2 focuses on how the model of the riveted joint is obtained using the FBS-based
approach. This is followed by a detailed description of the properties of the resulting joint model. In Section 3 we elaborate on the
procedure for the squeezing-force identification. In Section 4, the proposed approach is demonstrated in a laboratory example that
s used to create a joint dataset. This dataset is then employed to identify the rivet-squeezing force for three validation samples.
inally, the conclusions are presented.

2. Characterization of a riveted joint

The approach of extracting the riveted-joint model from the dynamic model of the assembled system requires the dynamic
decoupling of multiple system components (i.e., substructures) using the FBS approach. Therefore, first, the FBS will be briefly
introduced,1 followed by a description of the joint-characterization process and the details regarding the resulting joint model.

2.1. Frequency-based substructuring

FBS allows us to analyze complex systems based on the dynamic properties of their constituent parts. Each part is described by
he corresponding admittance matrix 𝐘𝑖(𝜔).2 By treating each substructure of the system individually, it is possible to describe the
esponse of the system with the following set of equations3:

𝒖 = 𝐘(𝒇 + 𝒈), (1)

where 𝒖 is a vector of responses (e.g., displacements), 𝐘 is an uncoupled admittance matrix of the system, consisting of block-
diagonally placed admittance matrices of the substructures (diag([𝐘1,𝐘2,… ,𝐘𝑛]), where 𝑛 is the number of substructures in the
system), 𝒇 is a vector of external loads and 𝒈 is a vector of interface loads. The interface loads 𝒈 are the forces and moments at the
interface between substructures, holding substructures together (Fig. 1a). For the case presented in Fig. 1a, terms from Eq. (1) can
be written as follows:

𝒖 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝒖A1
𝒖A2
𝒖B2
𝒖B3

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, 𝐘 =
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⎪

⎪
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⎪

⎨
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⎪
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𝟎
𝒈A2
𝒈B2
𝟎

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, (2)

where subscript ⋆1 denotes internal DoFs corresponding to substructure A, subscript ⋆2 DoFs at the interface between both
substructures (i.e. interface DoFs), and subscript ⋆3 internal DoFs corresponding to substructure B.4

The definition of the uncoupled admittance 𝐘 in Eq. (2) is intended for dynamic coupling of substructures A and B into assembly
AB (Fig. 1b). Besides dynamic coupling, FBS allows us to decouple one or more substructures from the assembled system (e.g. in
Fig. 1c substructure B is decoupled from assembly AB). This can be achieved by inserting negative admittances of the substructures
to be decoupled into the uncoupled admittance 𝐘. For the case in Fig. 1c, 𝐘 is structured as follows [27]:

𝐘 =
[

𝐘AB 𝟎
𝟎 −𝐘B

]

. (3)

To obtain information about the decoupled system, two conditions must be enforced. The first one is the compatibility condition,
hich stipulates matching responses at the interfaces between pairs of adjacent substructures:

𝐁c𝒖 = 𝟎; 𝐁c =
[

𝟎 𝐈 −𝐈 𝟎
]

, (4)

where 𝐁c is a Boolean matrix, connecting pairs of interface response DoFs.
The second condition to be enforced is an equilibrium condition, which imposes an equilibrium of interface forces between pairs

of adjacent substructures:

𝐁T
e 𝝀 = 𝒈; 𝐁e =

[

𝟎 𝐈 −𝐈 𝟎
]

, (5)

1 The interested reader is referred to Refs. [24–27] where the details regarding FBS are further elaborated.
2 Admittance matrix 𝐘(𝜔) is a matrix, containing Frequency Response Functions (FRFs) connecting selected excitation and response degrees of freedom (DoFs)

of the structure.
3 An explicit dependency on the frequency is omitted to improve the readability of the notation, as will be the case for the remainder of the paper.
4 Interface DoFs are DoFs located at the boundary between the substructures, while internal DoFs denote the DoFs of substructures located away from the

interface.
3 
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Fig. 1. Dynamic substructuring: (a) Uncoupled system of substructures A and B, (b) coupled system of substructures A and B, and (c) decoupling of substructure
B from assembly AB. (∙) Interface DoFs, (∙) internal DoFs.

where 𝐁e is a Boolean matrix connecting pairs of interface excitation DoFs, and 𝝀 is a vector of Lagrange multipliers denoting the
magnitude of each pair of interface forces (e.g., for interface forces between adjacent substructures A and B, 𝝀2 = 𝒈A2 = −𝒈B2 ).

Imposing Eqs. (4) and (5) on a system of Eqs. (1), a system of equations for the coupled system can be derived:

𝒖 = �̃�𝒇 , (6)

�̃� being an admittance matrix of the decoupled system, defined by the equation, often referred to as the Lagrange Multiplier
Frequency-Based Substructuring (LM FBS) equation [25]:

�̃� = 𝐘 − 𝐘𝐁T
e
(

𝐁c𝐘𝐁T
e
)−1 𝐁c𝐘. (7)

There are two techniques of dynamic decoupling. The first one is a standard interface technique, which means that only interface
DoFs (⋆2 in Fig. 1c) are used in the compatibility and equilibrium conditions (Eqs. (4) and (5), respectively). The drawback of this
approach is that spurious peaks can occur in the resulting FRFs [28], which are a consequence of the residual dynamics of the original
system, not observed and/or controlled in the interface DoFs [29]. Besides that, when dealing with experimentally obtained FRFs,
presence of measurement errors is inevitable. In the process of standard decoupling, small discrepancies between the measured FRFs
and the actual FRFs for the excitation and response DoF of interest get severely amplified, resulting in flawed results [30]. These
effects can be alleviated by extending a set of DoFs to be decoupled to the internal DoFs of the decoupled component (⋆3 in Fig. 1c).
This approach is referred to as extended interface decoupling [31]. In the process of extended interface approach, compatibility
condition is enforced on the internal DoFs of the decoupled component for which compatibility is satisfied a priori. Therefore, these
FRFs provide no new information in the case where FRFs contain no errors or noise. However, since some measurement errors are
always present, adding extra set of DoFs provides additional information an thus helps reducing the impact of these errors [27,31].

Due to the reasons mentioned above, interface matrix 𝐁c𝐘𝐁T
e is prone to being ill-conditioned, which causes problems during

calculating the interface matrix inverse in LM FBS Eq. (7). In order to tackle this problem, Lim and Li [32] proposed the use of
truncated singular value decomposition (TSVD). Since then the potential of this approach to improve the results of dynamic coupling
has been demonstrated in various studies [31,33,34]. During TSVD the interface matrix is decomposed into a matrix of left singular
vectors, a diagonal matrix containing singular values, and a matrix of right singular vectors. Close-to-zero singular values and
corresponding left and right singular vectors are then truncated. The truncated matrices are then used in a Moore–Penrose matrix
inverse which gives us the inverse of the interface matrix

(

𝐁c𝐘𝐁T
e
)+ [34,35].5

2.2. Obtaining a riveted-joint model

To perform rivet characterization using the FBS-based approach [22], three models are needed: a model of the assembled system
𝐘ARB and two models of the plates joined by the rivet 𝐘A and 𝐘B (Fig. 2). For the purpose of obtaining the admittance matrix of the
riveted joint 𝐘R, 𝐘A and 𝐘B will be decoupled from 𝐘ARB. This can be done by using the LM FBS Eq. (7) with the global admittance
matrix defined as follows:

𝐘 =
⎡

⎢

⎢

⎣

𝐘ARB 𝟎 𝟎
𝟎 −𝐘A 𝟎
𝟎 𝟎 −𝐘B

⎤

⎥

⎥

⎦

. (8)

Matrix �̃� resulting from the Eq. (7) contains all the DoFs of ARB, and both substructures A and B (with some DoFs duplicated).
As the substructures A and B have been decoupled from the assembly, elements of �̃�, for which response DoF or excitation DoF (or
both) belong to internal DoFs of substructures A or B, have no physical meaning. What we would like to obtain, is the admittance
of the riveted joint 𝐘R containing only excitation and response DoFs belonging to the riveted joint R (Fig. 2). To achieve this, the
needed part of �̃� can be extracted by using the following equation:

5 𝐁c𝐘𝐁T
e = 𝐔𝜮𝐕H, where 𝐔 ∈ C𝑚×𝑚 is a matrix of left singular vectors, 𝜮 ∈ R𝑚×𝑛 is a diagonal matrix of singular values, and 𝐕H ∈ C𝑛×𝑛 is a matrix of

right singular vectors. Matrices 𝐔, 𝜮, and 𝐕 are truncated such that close-to-zero singular values get discarted, resulting in matrices 𝐔𝑟 ∈ C𝑚×𝑟, 𝜮𝑟 ∈ R𝑟×𝑟,
and 𝐕𝑟 ∈ C𝑟×𝑚, where 𝑟 is a number of singular values kept. Truncated matrices are used to calculate the Moore–Penrose inverse of the interface matrix:
(

𝐁 𝐘𝐁T)+ = 𝐕 Σ−1𝐔H[34].
c e 𝑟 𝑟 𝑟

4 
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Fig. 2. System ARB with interface DoFs (∙) and internal DoFs (∙) of metal sheet plate A.

𝐘R = 𝐋c�̃�𝐋e, (9)

where 𝐋c is a localization matrix extracting the rows of �̃� corresponding to the riveted joint response DoFs, and 𝐋e is a localization
matrix extracting the columns of �̃� corresponding to the riveted joint excitation DoFs. Assuming the following sizes of matrices:
𝐘A ∈ C𝑚A×𝑛A , 𝐘B ∈ C𝑚B×𝑛B , 𝐘R ∈ C𝑚R×𝑛R , and that both excitation and response DoFs in �̃� belonging to assembly ARB are ordered
as follows: internal DoFs of A, internal DoFs of B, interface DoFs of A, interface DoFs of B, localization matrices are structured as
follows:

𝐋c =
[

𝟎𝑚R×(𝑚A+𝑚B−𝑚R) 𝐈𝑚R×𝑚R
𝟎𝑚R×𝑚A

𝟎𝑚R×𝑚B

]

, (10)

and

𝐋e =
[

𝟎𝑛R×(𝑛A+𝑛B−𝑛R) 𝐈𝑛R×𝑛R 𝟎𝑛R×𝑛A 𝟎𝑛R×𝑛B
]T . (11)

2.3. Insight into the riveted-joint model

An important characteristic of the riveted-joint model 𝐘R is that it depends not only on the material properties of the rivet,
but also on the contact conditions at the interface (Fig. 3a). These contact conditions are influenced by the frictional properties
between the metal sheet plates and between each plate and the rivet (e.g., material properties, surface roughness). As the stress
distribution (Fig. 3b)6 is strongly affected by the rivet-squeezing force [9], it is expected that there is a correlation between the
dynamic properties of the joint and the rivet-squeezing force.

Fig. 3. Riveted-joint contact: (a) friction-affected surfaces (marked with grid) within the riveted joint, (b) stress distribution within the riveted joint.7

Frictional forces affect the joint’s dynamic properties differently depending on the direction. For example, in the case of one rivet,
it is expected that it significantly contributes to the stiffness around the 𝑧-axis, as it is the only force that prevents the relative motion
of the metal sheet plates. So in order to efficiently characterize these effects in the squeezing-identification process, a sufficient set
of DoFs has to be captured within the joint model (translational as well as rotational DoFs). The approach presented in Section 2.2
requires models 𝐘ARB, 𝐘A, and 𝐘B, which can be obtained either experimentally (measurement of FRFs) or numerically (e.g., Finite
Element Analysis). However, due to its complexity, it can be difficult to realistically capture the joint’s contact properties within
the numerical experiment; therefore, the experimental approach is more commonly utilized. Within experimental approach we can

6 Note that the residual stress field is significantly affected by the type of the riveting process, e.g. in the cold riveting process, residual stresses in rivet’s
axial direction can be assumed negligible, as the radial stresses can be as much as 10-times higher than axial (rivet extends in width) [36], hot riveting process
results in residual stresses due to the thermal contraction of the rivet material after concluded riveting process, etc.

7 See footnote 6.
5 
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obtain models with up to three observed response/excitation DoFs (translations in 𝑥, 𝑦, and 𝑧 direction) per observed location
(Fig. 4a). This means that the resulting joint models would enclose the same set of DoFs as the input models, containing no (direct)
information about the rotational DoFs. For this reason, a Virtual Point Transformation (VPT) is performed on the DoFs corresponding
to the nodes in the vicinity of the interface of models 𝐘ARB, 𝐘A, and 𝐘B. This allows us to project displacements/forces from multiple
nodes, located close to the interface with three translational DoFs controlled/observed per node into a single node with six DoFs (3
translations and 3 rotations), called a Virtual Point (VP; Fig. 4a) [37,38]. The VPT is presented in more detail in the following.

Fig. 4. Obtaining a joint model: (a) projection of responses/excitations from multiple 3 DoF nodes into the 6 DoF VP; (b) resulting model of the joint, consisting
of 2 points of mass with 6 DoFs each. (∙) Observed/controlled DoFs close to the interface on substructure A, (∙) VP on substructure A, (∙) observed/controlled
DoFs close to the interface on substructure B, (∙) VP on substructure B.

2.4. VPT

For the purpose of the VPT the displacements of the nodes in vicinity of the interface (stored in a vector of displacements 𝒖 ∈ R𝑎,
where 𝑎 is a number of observed response DoFs) have to be related to the displacements of the VP (stored in a vector of displacements
𝒒 ∈ R𝑏; 𝑏 ≤ 𝑎, where 𝑏 is a number of VP response DoFs). Kinematic relations connecting 𝒖 and 𝒒 can be written in the form of
Interface Deformation Mode (IDM) matrix 𝐑u ∈ R𝑎×𝑏8 [39]:

𝒖 = 𝐑u𝒒 + 𝝁, (12)

where 𝝁 is a vector of residual displacements, which cannot be described by the IDM matrix 𝐑u. In order to minimize the residuals
𝝁, Eq. (12) is solved in a least-squares sense. Adding a constraint 𝐑T

u𝝁 = 𝟎, Eq. (12) can be solved for 𝒒 as follows:

𝒒 = 𝐓u𝒖; 𝐓u =
(

𝐑T
u𝐑u

)−1 𝐑T
u , (13)

where 𝐓u is a displacement-transformation matrix. In a similar manner, excitation DoFs of nodes in the vicinity of interface can be
projected into the VP excitation DoFs by using the force-transformation matrix, defined as [37]:

𝐓T
f = 𝐑f

(

𝐑T
f 𝐑f

)−1 , (14)

where 𝐑f is an IDM matrix containing relations between the excitation DoFs in the vicinity of the interface and the VP excitation
DoFs. The transformation matrices 𝐓u and 𝐓f can be applied to transform the admittance matrix 𝐘 (containing DoFs in the vicinity
of the interface) into the admittance matrix 𝐘VPT (containing VP DoFs) [37]:

𝐘VPT = 𝐓u𝐘𝐓T
f . (15)

By performing the VPT on the matrices 𝐘A, 𝐘B, and 𝐘ARB, we obtain the models 𝐘A and 𝐘B, each containing a VP and selected set
of internal DoFs (for extended interface decoupling), as well as model 𝐘ARB with two VPs (one on the interface between substructure
A and the rivet and the other one on the interface between the substructure B and the rivet) and a set of internal DoFs, corresponding
to those selected on substructures A and B.

These models are used in the joint-characterization approach (Section 2.2) to obtain a model of the riveted joint. Such a model
consists of two points of mass, treated as 6-DoF systems, thus 12-DoFs joint model (Fig. 4b). It should be noted that the resulting
joint model does not only describe the dynamic properties of the rivet, but rather the dynamics of the contact between substructures
A and B, which are affected by the properties of the rivet, as well as by the friction between each of the substructures and the rivet,
and by the friction between the substructures themselves.

8 IDM matrix 𝐑u contains a system of equations connecting the translations of each DoF in the vicinity of the interface to the chosen set of DoFs of the VP;
these are usually translations and rotations (rigid IDMs), but extension, torsion, skewing, and bending modes (flexible IDMs) can also be included [39].
6 
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3. Procedure to the rivet-squeezing force estimation

In order to identify the rivet-squeezing force and assess the adequacy of the riveted joint, a non-destructive method is proposed
that can be effectively used in EoL testing. The proposed approach for the rivet-squeezing force estimation is presented in Fig. 5.
It generally relies on the LM FBS decoupling procedure to first obtain the joint admittances. In this process, the rivet admittance
𝐘R(𝜔) is inverted to acquire the mechanical impedance of the rivet 𝐙R

J (𝜔).
9 This method allows for the creation of a reference joint

dataset, in which the rivet-squeezing force corresponding to each joint admittance is deduced based on measurements. This dataset
is then used to identify the riveting force for the structure of interest. As shown in Fig. 5, the assembly structure generally differs
from the one from which the reference database was obtained; however, the metal sheets in contact should have similar thickness
and material type to those used when constructing the joint dataset.

In the following, the rivet-squeezing force Fs,u(𝜔) for the joint of interest is estimated by evaluating the correlation between the
joint’s impedance 𝐙R

u (𝜔) and the dataset joints’ impedances 𝐙R
J,𝑖(𝜔). Fs,u(𝜔) is then assigned a value Fs,k (𝜔) of a 𝑘th dataset sample

for which the similarity between 𝐙R
u (𝜔) and 𝐙R

J,k (𝜔) is the highest (Fig. 5). In the following, details regarding the joint dataset as
well as the estimation of the rivet-squeezing force will be presented.

Fig. 5. Rivet characterization and rivet-squeezing-force identification flowchart.

3.1. Reference joint dataset J

The FBS-based approach, described in Section 2.2, is used to build a joint dataset containing impedance matrices 𝐙R
J,𝑖 (𝐙R

J,𝑖 =
(

𝐘R
𝑖
)+

for 𝑖 = 1,… , 𝑟) with known corresponding rivet-squeezing force Fs,𝑖 (measured during the riveting process).
Haeussler et al. [22], and Kreutz et al. [23] have shown that the dynamic model of the joint R, obtained by dynamic decoupling

of the other system components, is independent of the properties of the original assembly. Thus, the joint obtained from the assembly
ARB can be directly compared to the joint obtained from some modified assembly A’RB’. In the case of the riveted joint, this means
that the joints from different assemblies riveted together by applying a similar squeezing force are expected to exhibit similar
dynamic properties. Therefore, the reference dataset can be obtained from laboratory structures, while the joints for which we

9 It is a common approach that the joint properties are analyzed on the impedance form of FRFs as it provides information on how a joint resists external
loads, i.e. stiffness of the joint.
7 
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would like to identify the squeezing force are obtained from more complex, real-life assemblies. This assumption is valid as long
as the joint’s properties are similar in both assemblies in terms of the rivet material and geometry, and the frictional properties
at the contact areas. Contact areas can vary in size, however, contact area should not be smaller than the area under compressive
area affected caused by the riveted-joint [40], as this would cause differences in frictional forces in the contact between metal sheet
plates and consequently differences in dynamic stiffness of the joint.

The size of the joint dataset and the distribution of the squeezing forces captured in the dataset, determine the degree of accuracy
ith which the squeezing force can be classified. The range of squeezing-force identification is limited to the squeezing forces applied

o the joint that are measured in the joint dataset. This means that the accuracy of the identified force depends on the number of
lasses (measured force levels) in the reference joint dataset.10

3.2. Identification of the rivet-squeezing force

Having a reference joint dataset available, the squeezing force can be estimated in a manner of the Nearest Neighbor Search [41].
This means that we evaluate the resemblance between the impedance 𝐙R

u ∈ C𝑚×𝑛×𝑜 (where 𝑚 is a number of observed response DoFs,
is a number of controlled excitation DoFs, and 𝑜 is a number of discrete frequency points gathered in a set 𝛺) and the impedances
f the dataset joints 𝐙R

J,𝑖 ∈ C𝑚×𝑛×𝑜. For comparison of impedance 𝐙R
u to the impedance of the 𝑖th sample of the joint dataset 𝐙R

J,𝑖,
Local Amplitude Criterion (LAC) is proposed [42,43]11:

𝐋𝐀𝐂u,𝑖 = LAC(𝐙R
u , 𝐙

R
J,𝑖) =

2 ||
|

𝐙R∗
u ⊙ 𝐙R

J,𝑖
|

|

|

(

𝐙R∗
u ⊙ 𝐙R

u

)

⊙
(

𝐙R∗
J,𝑖 ⊙ 𝐙R

J,𝑖

) , (16)

where ∗ denotes the complex conjugate and 𝐋𝐀𝐂u,𝑖 ∈ R𝑚×𝑛×𝑜 is a matrix of LAC values between each excitation and each response
DoF at each discrete frequency point of matrices 𝐙R

u and 𝐙R
J,𝑖.

Once the LAC values have been evaluated, for each of the 𝑟 joint dataset samples, the sample, most similar to the joint of interest
(𝐙R

u ) has to be determined. Currently each matrix 𝐋𝐀𝐂u,𝑖 consists of 𝑚×𝑛×𝑜 elements, which makes a direct comparison of individual
LAC matrices difficult. For this reason, these can be represented by a single scalar value, e.g. by averaging all values within each
LAC matrix. However, especially when dealing with experimental data, sufficient data quality can only be expected within a limited
frequency range.12 For this reason matrix 𝐋𝐀𝐂u,𝑖 should be averaged in the frequency range of interest 𝛺′ (𝛺′ ⊆ 𝛺):

𝐋𝐀𝐂
u,𝑖

= 1
|𝛺′

|

∑

𝜔𝑙∈𝛺′
𝐋𝐀𝐂u,𝑖(𝜔𝑙). (17)

It is expected that the effects of variation in rivet-squeezing force will be most pronounced for a particular subset of
excitation/response DoFs.13 For this reason, the average can be calculated for 𝑃 ′, a subset of the set 𝑃 containing all elements
of matrix 𝐋𝐀𝐂

u,𝑖
(e.g. 𝑃 ′ = {𝐋𝐀𝐂u,𝑖

1,1,𝐋𝐀𝐂
u,𝑖
2,3,𝐋𝐀𝐂

u,𝑖
4,6,… }, where 𝐋𝐀𝐂

u,𝑖
𝑗 ,𝑘 is an element located in the 𝑗th row and 𝑘th column of

atrix 𝐋𝐀𝐂
u,𝑖

):

LAC
u,𝑖

= 1
|𝑃 ′

|

∑

𝑝′∈𝑃 ′
𝑝′. (18)

Finally, identification of the squeezing force narrows down to a simple classification problem in which Fs,u is assigned a value
Fs,k of 𝑘th sample for which holds:

LAC
u,k

= max
𝑗∈{1,…,𝑟}

LAC
u,𝑗
. (19)

4. Experimental validation

The proposed approach to the identification of the rivet-squeezing force was demonstrated and validated in a laboratory case
study. Measurements were performed to build the models (i.e. admittance matrices) of structures, required to obtain joint models in
a manner described in methodology of approach. Riveted joint models considering seven different squeezing forces were proposed
to build a reference joint dataset. The approach was validated on the three samples obtained from a modified system.

10 Maximum deviation of actual squeezing force from the identified value can be determined based on the differences between the joint dataset squeezing
forces.

11 Higher value of LAC criterion implies higher degree of similarity between FRFs.
12 Experimental FRFs often deviate from the actual structure’s response in the higher frequency range due to the insufficient excitation within that frequency

range.
13 In Section 2.3 it has been exposed that rivet-squeezing force strongly affects FRFs related to rotational DoFs around 𝑧-axis, i.e. rotations and moments
round 𝑧-axis (Fig. 4).
8 
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4.1. Experimental setup

The laboratory structure of interest consists of two steel plates, A and B, riveted together to obtain the assembled systems ARB and
A’RB’ (Fig. 6). Here, the difference between the two assemblies is not in different substructures but in different interface conditions.
Please note that the riveting location differs between the configurations ARB and A’RB’. Therefore, the dynamic properties of
assemblies ARB and A’RB’ differ from each other. The assembly ARB was used to obtain joint models for building a reference
joint dataset, and the assembly A’RB’ was used as a validation joint for which the squeezing riveting force is to be determined. All
the assemblies were riveted using a hydraulic riveting system with a pressure sensor to obtain accurate reference squeezing forces.

Fig. 6. Laboratory structures: steel plates A and B, and assemblies ARB and A’RB’.
The first step towards the joint rivet-squeezing force identification is to obtain joint dynamics properties in the form of their

corresponding mechanical impedances 𝐙R
J . Each of these is a result of a dynamic decoupling process using FBS methods, thoroughly

described in Section 2. The following inputs are required for dynamic decoupling: the admittance matrix of the assembled system
𝐘ARB, the admittance matrices of substructures A and B (𝐘A and 𝐘B, respectively), and the Boolean matrices 𝐁c and 𝐁e. The
admittance matrices 𝐘ARB, 𝐘A, and 𝐘B were obtained experimentally. For the extended interface decoupling technique, FRFs in
internal as well as DoFs in the vicinity of the interface (for the purpose of VPT) of each structure were measured. Internal DoFs were
observed/controlled at five measurement locations per substructure, dispersed over the entire structure, while the DoFs intended
for the VPT were observed/controlled at three measurement locations per substructure. The responses to the excitation force at
these locations were observed using three-axial accelerometers (Dytran 3273A2, PCB 356A45, and PCB TLD356A32). Due to the
large number of response points in the measurement of the assembled system ARB, measurements had to be performed in two steps,
moving the accelerometers between measurement points, according to the roving-sensor approach. To prevent changes in the system
dynamics due to variations in the mass distribution between each step, brass masses were attached to the points where the sensor
was missing in each step of the measurement campaign. At each location, an excitation force was applied in three directions, using
a modal hammer PCB 086C03 (Fig. 7). Excitation forces were applied directly on accelerometers/brass masses with amplitudes no
higher than 24 𝑁 to avoid nonlinearities. During the measurements, the structures were suspended from elastic strings, simulating
free boundary conditions (Fig. 7).

Fig. 7. Experimental setup.
9 
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4.2. Building the reference joint dataset

The force and acceleration signals, resulting from the impact testing, were used to estimate the FRFs between each pair of the
controlled/observed DoFs and in this way obtaining the admittance matrices, 𝐘A ∈ C24×24, 𝐘B ∈ C24×24 and 𝐘ARB ∈ C48×48. Applying
the VPT to these admittance matrices (Eq. (15)), DoFs in vicinity of the interface were transformed into one 6-DoF VP for each of
the substructures A and B and into two 6-DoF VPs for the assembled system ARB (VP corresponding to DoFs at component A, and
VP corresponding to DoFs at component B). Thus, the matrices 𝐘A, 𝐘B and 𝐘ARB were reduced into 𝐘A ∈ C21×21, 𝐘B ∈ C21×21 and
𝐘ARB
VPT ∈ C42×42, respectively.

To build the reference joint dataset the measurements had to be performed on multiple assembled systems ARB riveted with
different squeezing forces. Seven assemblies riveted with different squeezing forces were constructed, resulting in the admittance
matrices 𝐘ARB

VPT,𝑖 where 𝑖 ∈ 𝐹s,J (𝐹s,J denotes a set of squeezing forces captured within the reference dataset; 𝐹s,J = {5.0 kN, 8.3 kN,
9.2 kN, 10.0 kN, 10.8 kN, 11.7 kN, 15.0 kN}).

The measurements on substructures A and B were performed to obtain the substructure admittances 𝐘A
VPT and 𝐘B

VPT. These are
then decoupled from assembled system admittances 𝐘ARB

VPT,𝑖, as described in Section 2, resulting in joint admittances 𝐘R
𝑖 . During the

process, interface matrix 𝐁c𝐘𝐁T
e in the LM FBS Eq. (7) has been identified as ill-conditioned. Fig. 8a displays singular values of the

interface matrix for the sample riveted together by applying 15.0 kN squeezing force. It can be observed that there are only a few
dominant singular values, while the vast majority of singular values are much smaller. Ill-conditioning of the interface matrix was
also qualitatively evaluated by calculating the corresponding condition number (Fig. 8b).14 High values of condition number at all
frequencies additionally confirmed the ill-conditioned interface matrix. Due to this, TSVD has been performed in combination with
the Moore–Penrose inverse (as described in Section 2.1) to obtain the inverse of the interface matrix needed in the LM FBS Eq. (7).
Singular values lower than 10−3 times the maximum singular value at a given frequency were discarded, thus keeping only a few
dominant singular values.

By inverting the joint admittances, a set of impedances {𝐙R
J,𝑖 ∣ 𝑖 ∈ 𝐹s,J} corresponding to given riveting squeezing force were

obtained (𝐙R
J,𝑖 =

(

𝐘R
𝑖
)+),15 which (together with corresponding squeezing forces) compose the joint dataset J.

Fig. 8. SVD of the interface matrix 𝐁c𝐘𝐁T
e for sample with corresponding 𝐹s = 15 kN: (a) singular values vs frequency, and (b) condition number.

4.3. Analysis of the effect of the rivet-squeezing force on the dynamic response of the structure

Before focusing on the identification of the rivet-squeezing force, it is necessary to investigate how the squeezing force actually
affects the dynamic response of the system/assembly. Sample FRFs from the admittance matrices 𝐘ARB,𝑖 (connecting the same pair
of excitation and response DoFs) with different squeezing forces are displayed in Fig. 9. By examining the resonance peaks of the
FRFs, it can be observed that location and amplitude of specific resonance peaks depend strongly on the squeezing force Fs. These
peaks are singled out and presented individually in Fig. 9. Some peaks are altered in terms of amplitude (Figs. 9a and 9b), while
for some other vibration modes, the corresponding natural frequency is also shifted (Figs. 9c and 9d).

Variations in the rivet-squeezing force hence cause distinct differences in the assembly dynamics. In our approach, the squeezing
force identification relies on joint admittance identification 𝐘R

𝑖 based on the FBS decoupling approach. By inverting the obtained
joint admittances, this results in the dynamic stiffness matrices of the riveted joint 𝐙R

J,𝑖. In order to find the elements of the dynamic
stiffness matrix that hold information, valuable for the squeezing force identification, each FRF of each 𝐙R

J,𝑖 has been divided into
segments the size of 100 Hz for frequency range up to 1000 Hz (to investigate whether the effects of the squeezing force on the
dynamic stiffness in some frequency ranges are more apparent than in others). For each segment an average dynamic stiffness was
calculated. Vector of average segment dynamic stiffnesses 𝒛𝛺r

J;𝑚,𝑛 for element in 𝑚th row and 𝑛th column of matrices 𝐙R
J,𝑖 (i.e. 𝐙R

J,𝑖;𝑚,𝑛
for 𝑖 ∈ 𝐹s,J) within limited frequency range 𝛺𝑟 (𝛺𝑟 ⊆ 𝛺) can be written as:

𝒛𝛺r
J;𝑚,𝑛 =

[

1
|𝛺𝑟|

∑

𝜔𝑟∈𝛺𝑟

|

|

|

𝐙R
J,𝑖;𝑚,𝑛(𝜔𝑟)

|

|

|

]

𝑖∈𝐹s,J

(20)

14 Condition number is defined as a ratio between the largest and the smallest singular value [44].
15 Admittances are twice-integrated (which means double division by i𝜔 for data in frequency domain) to convert accelerations to displacements. This way,

the dynamic stiffness of the joint is obtained after admittance matrix inversion.
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Fig. 9. Dynamic response of the assembly (excitation close to the interface at substructure B in 𝑦-direction and response close to the interface at substructure
 in 𝑥-direction) for different rivet-squeezing forces Fs.

Resulting values were used to determine correlations between squeezing force and average dynamic stiffness of each element of
𝐙R
J within each frequency range. For element of 𝑚th row and 𝑛th column of 𝐙𝑅

J,𝑖 (for 𝑖 ∈ 𝐹s,J) within frequency range 𝛺𝑟 correlation
𝜌𝛺𝑟
𝑚,𝑛 can be calculated by (to enhance readability, let 𝒖 = 𝒛𝛺r

J;𝑚,𝑛 and 𝒗 = vec(𝐹s,J), each having 𝑛u,v elements):

𝜌𝛺𝑟
𝑚,𝑛 =

∑𝑛u,v
𝑖=1 (𝑢𝑖 − 𝑢)(𝑣𝑖 − 𝑣)

√

∑𝑛u,v
𝑖=1 (𝑢𝑖 − 𝑢)2

√

∑𝑛u,v
𝑖=1 (𝑣𝑖 − 𝑣)2

. (21)

To identify elements of 𝐙R
J that exhibit overall high potential for identification of squeezing force, average value of absolute

values.16 of correlations were calculated for each element. Results for bottom left part of 𝐙R
J (i.e. excitations at point of mass 𝑚A

and corresponding responses at point of mass 𝑚B) are displayed in Fig. 10 From the chart it can be observed that the dynamic
tiffness between rotation 𝑟𝑧 of 𝑚B and force F𝑥 at 𝑚A exhibits by far the highest correlation (i.e. 0.813). There are some other

components with relatively high correlation, e.g. component with excitation M𝑧 at 𝑚A and response 𝑟𝑧 at 𝑚B (average correlation
of 0.705), and component with excitation M𝑧 at 𝑚A and response in the 𝑥-direction at 𝑚B (average correlation of 0.656). However
as these correlations are considerably lower, the dynamic stiffness between rotation 𝑟𝑧 of 𝑚B and force F𝑥 at 𝑚A was recognized as
the most promising element of 𝐙R

J for identification of the squeezing force for validation samples.

Fig. 10. Average of absolute correlations over all segments for elements of the dynamic stiffness matrix with excitations at point of mass 𝑚B and responses at
point of mass 𝑚A.

Sample dynamic stiffness graphs connecting rotation 𝑟𝑧 of joint’s point mass 𝑚B to the force F𝑥 corresponding to the point of
mass 𝑚A (Fig. 4b) are displayed in Fig. 11. Within a lower frequency range (up to approx. 50 Hz), dynamic stiffness is affected by
mperfections in the experimental approximation of the free boundary conditions. In addition to that, it is possible to observe that
he differences between the dynamic stiffnesses corresponding to 5.0 kN and 8.3 kN samples as well as the differences between
he 11.7 kN and 15.0 kN sample become substantially less distinct in the higher frequency range, making it difficult to distinguish
etween the various squeezing forces. This could lead to a reduced accuracy of the rivet-squeezing force estimation in the following.

16 Absolute value has been used to account for highly negative correlations which can still provide meaningful information for identification of squeezing
force.
11 
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Therefore, we are focusing on the frequency range between 50 Hz and 300 Hz, which was identified as appropriate for efficient
squeezing-force identification for given structure.

Fig. 11. Dynamic response of the joint (connecting rotation 𝑟𝑧 of joint’s point mass 𝑚B to the force F𝑥 corresponding to the point of mass 𝑚A) for different
rivet-squeezing forces Fs: (a) freq. range between 0 Hz and 1000 Hz, and (b) freq. range between 50 Hz and 300 Hz.

4.4. Identification of the rivet-squeezing force

To validate the proposed approach, the squeezing force identification was performed on the modified assembly A’RB’. It has
been demonstrated in [29], that after the decoupling procedure, some residual dynamics of the assembly can remain in the resulting
dynamic response (commonly in form of spurious peaks). This is due to measurement errors or/and unobserved and uncontrolled
assembly dynamics. It can be observed in Fig. 12 that the resonance peaks of the assemblies ARB and A’RB’ are located in
onsiderably different locations. Due to this, the residual dynamics in the joint model, obtained by dynamic decoupling, differs

for the joints obtained from assembly ARB compared to the one obtained from A’RB’, despite keeping the same set ob substructures
A and B. Due to this, it can be reasonably assumed that the joint models are valid for other assemblies with similar joint properties.
This is additionally supported by the article written by Haeussler et al. [22] and the article written by Kreutz et al. [23] which
tested the transferability of the joints obtained using FBS.

Fig. 12. FRFs of the assembled systems ARB and A’RB’; connecting excitations F𝑧 at VP at structure B/B’ to responses 𝑢𝑥 at VP at structure A/A’.
To assess the accuracy of the proposed approach, three validation samples were obtained with different squeezing forces. To

etermine the reference squeezing forces, the validation samples were riveted together in a highly monitored environment with the
force being measured during the riveting process. The process of obtaining riveted joint models from validation assemblies matches
the one for obtaining the reference dataset joints. Measurements of the dynamic responses were performed on assembled systems
A’RB’. Because the location of the riveted joint changes (compared to assembly ARB), sensor and impact locations had to be changed.
For this reason, the admittances of each substructure also had to be performed anew. Substructures A and B were then decoupled
from the assembly A’RB’ (using TSVD and Moore–Penrose inverse to deal with ill-conditioned interface matrix in Eq. (7)), resulting
in joint impedances 𝐙R

v,8.3k N, 𝐙R
v,10.8k N and 𝐙R

v,15k N, with reference squeezing forces of 8.3 kN, 10.8 kN and 15.0 kN, respectively.
In the following, the squeezing forces Fs,v, corresponding to the validation samples, were identified based on the reference

dataset by evaluating LAC criterion between the validation sample 𝐙R
v and each dataset sample 𝐙R

J . The LAC
(

𝐙R
v,𝑖, 𝐙

R
J,𝑗

)

criterion
was evaluated using Eq. (16) for 𝑖 ∈ {8.3 kN, 10.8 kN, 15.0 kN}, 𝑗 ∈ {5.0 kN, 8.3 kN, 9.2 kN, 10.0 kN, 10.8 kN, 11.7 kN, 15.0 kN}.
The average value of LAC criterion was calculated in the frequency range between 50 Hz and 300 Hz.

In the process of rivet-squeezing force identification, dynamic stiffness that connects excitations in the 𝑥-direction at the joint’s
oint of mass corresponding to component A to the rotations around the 𝑧-axis at the joint’s point of mass corresponding to
omponent B was used. The resulting averaged LAC values are presented in Fig. 13. Each value represents a single averaged LAC

matrix between the validation sample (denoted by the corresponding reference squeezing force Fs,v) and the reference dataset sample
(denoted by corresponding squeezing force Fs,J). The highest values of averaged LAC criterion indicates the best agreement between
he joint impedance’s and enable to identify the squeezing force of validation sample based on the reference dataset samples.

The results of the identification process demonstrates that for all three validation samples the riveting squeezing forces were
correctly identified, i.e. the predicted riveting squeeze force matched the reference force obtained by direct measurements during
iveting. Two out of three predictions (i.e., validation samples with 10.8 kN and 15.0 kN squeezing forces) can be accepted with a
igh degree of confidence. For the validation sample with a squeezing force of 8.3 kN, the deviation from the other dataset samples
as less distinct. Nevertheless, the method correctly predicted the correct value of the riveting squeezing force. This validation
12 
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Fig. 13. Heat map displaying LAC value, evaluating the similarity between the FRF connecting the joint’s rotation 𝑟𝑧 with the excitation F𝑥 of the validation
samples 𝐙R

v (with corresponding reference squeezing forces Fs,v) and of reference joint dataset samples 𝐙R
J,𝑖 (with corresponding squeezing forces Fs,J).

example showcases that the proposed approach can be effectively used to identify the riveting squeezing force, even in the modified
assembly.

5. Conclusions

In this paper, an approach to indirect riveting squeezing force identification is proposed. The FBS methodology is applied to
isolate the dynamic model of the joint from the dynamic model of the assembled system. A significant advantage of this approach
is that the joint of interest can originate from a modified structure or an entirely different assembly compared to the structure used
to build the reference joint dataset. On the other hand, the approach is limited by requirement that the properties of the joint of
interest are similar to those of dataset joints i.e. different geometry or material of the rivet requires a new reference joint dataset.
Besides, the frictional properties of the components being riveted together have to be similar in vicinity of the riveted joint. Due
to this, the proposed approach is especially convenient for manufacturing processes and condition monitoring for products where
rivets of the same size and geometry are used to join metal sheet plates made of similar materials and undergone similar surface
preparation.

The approach was tested on a real-life experimental setup. A small reference joint dataset, consisting of seven joint models
with different corresponding squeezing forces, was built. Three validation samples were used for the squeezing force identification.
Validation models were obtained from a modified version of the assembly used to build the joint dataset. Despite some deviations
in certain force ranges, the method successfully predicted the rivet-squeezing forces for all validation samples, demonstrating its
robustness and applicability in real-life scenarios. This methodology not only enhances the identification of rivet squeezing force but
also provides a reliable, non-destructive testing approach for ensuring the quality and integrity of riveted joints in manufacturing
processes.

Nevertheless, there still exists space for further research. In the real-life applications, commonly, multiple rivets are applied to
fasten metal sheet plates together. The applicability of the proposed approach to such scenarios presents an interesting matter for
further research.
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